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Decomposition into a direct sum of irreducible representations of the represen- 
tation of the full collineation group of a finite Desarguesian plane, as a group of 
matrices permuting the flags of the plane and the simple components of the 
corresponding commutant algebra, have been worked out here for the projective 
plane PG(2,2) and the afflne plane EG(2,3). The dimension and the components of 
the covariance matrix of the observations from a design derived from such a plane, 
which commutes with such a permutation representation of the full collineation 
group of the plane, are thus determined. This paper is in the spirit of earlier works 
by, James (1957), Mann (1960), Hannan (1961, 1965), McLaren (1963), and 
Sysoev and Shaikan (1976). A. T. James, Ann. Math. Statist. 28 (1957), 993-1002, 
H. B. Mann, Ann. Math. Statist. 31 (1960), 1-15, E. J. Hannan, Research Report 
(Part. (I)), Summer Research Institute, Australian Math. Sot. and Methuen’s 
Monographs on Applied Probability and Statistics, Supplementary Review Series in 
Applied Probability, Vol. 3, A. D. McLaren, Proc. Cambridge Philos. Sot. 59 
(1963), 431-450, and L. P. Sysoev and M. E. Shaikin, Avtomat. i Telemekh. 5 
(1976), 64-73. 
1. INTRODUCTION 
1.1. Incidence Structure, Tactical Configuration, BIBD and Collineations 
An incidence structure (see, for instance, Dembowski [4]) is defined as a 
triple S = (9,9, I),’ where 9, 9, I are sets with 
9n.3=g) and IG9X.9. 
The elements of 9 are called points, those of 9 blocks and those of IJags. 
For our purpose 9, 9, and I are finite sets. 
Incidence structures with equally many points on every block and equally 
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many blocks through every point are called tactical configurations. A 
tactical configuration is called a balanced incomplete block design (BIB 
design) if every pair of points is incident with equal number of blocks, say L 
(>0) blocks. The parameters of the BIB design are v, 6, r, k, 1, where 
v=IY(, b=(Bl, r is the number of blocks through a point, and k is the 
number of points in a block. 
An automorphism 4 of an incidence structure 9 is a one-to-one mapping 
4 of the points onto points, blocks onto blocks, which preserves incidence. 
That is, for all p E 9 and B E 9, pIB if and only if p#IB#. The set of all 
automorphisms of an incidence structure form a group. 
Finite projective planes and finite afline planes (see, for instance, [ 2,4, 5 ]) 
define balanced incomplete block designs with parameters u= b = s* + s + 1, 
r=k=s+ 1, A= 1 and v=s*, b=s* fs, r=s+ 1, k=s, A= 1, respec- 
tively. 
An automorphism of a plane is called a collineation, and it is customary 
to call the group of automorphisms of a plane the group of collineations. 
1.2. Finite Desarguesian Planes and Their Collineations 
A projective Desarguesian plane PG(2, s) of order s =pr (that is, with 
s + 1 points on a line), where p is a prime and r an integer, has a concrete 
representation over a GF(s). A point of this plane is an ordered triple 
(x0, xi, x2), where x0, xi, x2 are elements of the field GF(s), at least one of 
which is different from zero, and where it is understood that (x0,x, , x2) 
denotes the same point as @x0, LX,, ,ux,) for every nonzero ,U in GF(s). 
Similarly, a line of the plane is an ordered triple [(x0, a,, a*], where 
a,, ai, a2 are elements of the field GF(s), at least one of which is different 
from zero, and [aO, a,, aZ] denotes the same line as [,aa,,pa, ,,aae] for every 
nonzero ,U in GF(s). A point (x,, x, , XJ is incident with a line [a,, a,, a2 ] if 
and only if aOx + a,x, t a2x2 = 0. 
The full collineation group PC(2, s) of PG(2, s) is represented analytically 
by the homogeneous transformations (see, for instance, (2, p. 3621) 
px; = f- pijux;” 
JG 
(i=O, 1,2;u=O, l,..., r- l), (1.1) 
where p # 0 and the pij, are elements of the GF(s) such that the determinant 
P oou POlu PO2” 
A, = P,ou Pl,u Pm, (1.2) 
P 2ou Pz,, Pm 
is different from zero for each value of U. (Two transformations with the 
same set of coefficients (JIB,,) but distinct p’s @ f 0) are regarded as iden- 
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tical.) Its order is r times the order of its projective subgroup P(2, s), made 
up of those transformations in (1.1) in each of which u = 0, and is thus 
IPC(2, s)l = r(s2 + s + l)(SZ + s) ?(s - 1)2. 
The group PC(2, s) is generated by P(2, s) and the collineation 
px; = XT (i = 0, 1, 2). (1.3) 
The last element ransforms P(2, s) onto itself. The projective group P(2, s) 
considered as a permutation group on the points of PG(2, s) is doubly trun- 
sitive and transitive on the (s2 + s + l)(s + 1) flags. The projective group 
P(2, s) is sharply transitive on the ordered quadrilaterals of the Desarguesian 
plane PG(2, s). The subgroup of PC(2, s) leaving fixed the quadrilateral 
Q: (LO, O), (0, 1, (9, (O,O, I), and (1, 1, 1) is the group of automorphisms of 
the coordinatizing field GF(p’), and this group is of order r (see, for 
instance, [ 2,5]). 
A finite Desarguesian affine plane EG(2, s) with s =p’ points on a line, 
where p is a prime and r an integer, has the following representation over the 
GF(s). A point of the plane is an ordered pair (xi, x2), where x,, x2 are 
elements of GF(s). A line of the plane is a triple [a,, a2, a,,], where a,, a2, 
and a,, are elements of GR’(s) and at least one of a, and a2 is nonzero. For 
every nonzero ,U in GF(s), [ a,, a2, a,] and [pal, pa,, pa,] denote the same 
line. A point (xi, x2) is incident with a line [a,, a2, a,,] if and only if 
alx, + a2xz + a,, = 0. This afine plane EG(2, s) can be obtained from 
PG(2, s) by omitting one line, say x0 = 0, and all the points on this line. 
The full collineation group EC(2, s) of the Desarguesian afline plane 
EG(2, s) is generated by the group E(2, s) of affine (linear nonhomogeneous) 
transformations 
(1.4) 
where the matrix A = (aii) is nonsingular and the semilinear transformation 
(:; ) = ($)? 1 = 0, l,..., r - 1. (1.5) 
Now ]EC(2, s)] = rs2(s2 - l)(s’ - s). The affine group E(2, s), considered as 
a permutation group on the s2 points of EG(2, s), is doubly transitive and is 
transitive on the s2(s + 1) flags of the plane. The affine group E(2, s) is 
sharply transitive on the ordered triangles of EG(2, s). The subgroup of 
EC(2, s), generated by the semilinear transformations (1.5), leaves fixed the 
triangle (0, 0), (0, 1), and (1, 1) and is of order r. 
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2. MODIFICATION OF THE CONVENTIONAL LINEAR MODEL FOR THE 
OBSERVATIONS FROM A BIBD 
The linear model E(Y) =pj + A’0 + L’p, var Y = 0’1 is commonly used 
by a statistician in the analysis of variance of observations from a balanced 
incomplete bock design. Here Y = (Y, ,..., Y,)’ denotes the vector of obser- 
vations arising from the n = bk = ur experimental units of a BIB design with 
parameters (u, b, r, k, and A), 8 the vector of treatment parameters, j3 the 
vector of block parameters, and p a constant. A = (a,,), a,, = 1, if the uth 
experimental unit (flag) receives (contains) the ith treatment (point); aiu = 0 
otherwise (i = 1, 2 ,..., v, u = 1, 2 ,..., n). If the uth experimental unit (flag) is 
in the jth block, L = (fj,), ljU = 1; lju = 0, otherwise. Vector j = (1, l,..., l)* 
is a vector with n coefftcients, each equal to 1. This linear model does not 
discriminate between two BIB designs having the same numerical values of 
the parameters U, b, r, k, 2 but having different groups of symmetries 
(automorphisms). 
As a first step towards rectification of this incongruity, we shall assume, 
following the leads of Hannan [6, 71 and McLaren [ 121, that the distribution 
of Y = (Y,) Yl,..., Y,,)’ from a BIB design is such that its covariance matrix 
var Y = 2 is invariant under the action of the permutation matrices 
representing the group of automorphisms ,!? of the design. This means that 
C belongs to the cornmutant algebra (also called centralizer ring by 
Wielandt [ 151) corresponding to the group of automorphisms .3’ represented 
as the group of matrices rry permuting the flags (the incident point-block 
pairs) of the design. Thus if t is the dimension of this commutant algebra, 
and P;I, i= l,..., t, a linear basis of this algebra, then our assumption that 
PJP; ’ = C for every P, in zy implies that 
&c,V,+-+c,7’,. (2.1) 
James [8] defined an algebra generated by symmetric relations (symmetric 
matrices with elements 0 or 1) between the experimental units of a design 
and pointed out that important properties of the design, including the 
analysis of variance appropriate to it, are revealed by the decomposition of 
this semisimple algebra over the field of complex numbers into a direct sum 
of complete matrix algebras or, equivalently, into its minimum two-sided 
ideals, together with the corresponding principal idempotents. The quadratic 
forms, of which the idempotents are the matrices, are the sums of squares in 
the usual analysis of variance. 
For a block design with n experimental units, he defined the relationship 
matrices B, T, I, G as B = (b,,,), b,,, = 1 if the experimental units u and U’ 
are in the same block, b,,, = 0, otherwise; T= (t,,,), t,,, = 1 if the units u 
and U’ receive the same treatment, t,,, = 0, otherwise; I is the n x n identity 
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matrix; and G = (g,,,), g,,, = 1 for all pairs (u, u’), u, u’ = l,..., n. In terms 
of the matrices A and L occurring in the linear model defined earlier, 
B = L’L and T=A’A. If the BIB design is asymmetric (b > v), the 
symmetric nonnegative definite matrices Z, G, B, and T generate a seven- 
dimensional noncommutative semisimple algebra 5?,, of which Z, G, B, T, 
ST, TB, and BTB form a linear basis (James (81). For a symmetric BIB 
(v = b) BTB = AG + (k-n) B and (Z, G, B, T, ST, TB) is a linear basis of 
the six-dimensional noncommutative semisimple algebra ,q6 generated by I, 
G, B, and T (Mann [Ill). 
James [8, pp. lOOl-10021 mentioned: 
“For certain designs, the relationship algebra is the commutator 
algebra (called commutant algebra or a centralizer ring these 
days) of the representation of a group expressing the symmetry of 
the experimental design. Such will be the subject of a further 
paper.” 
(James told one of the authors in October 1979 that earlier he had obtained 
some results in this area but never published them.) 
Sysoev and Shaikin [ 14, Sect. II, p. 10291 considered the cornmutant 
algebra corresponding to the group .V of all those permutations g of the 
experimental.unit numbers of a BIB design, under which b,,, = bgCuJgCu,) and 
t UU = tn(uMu’) for all pairs (u, u’) and every g in G. They stated the following 
fact without proof: 
“For symmetric schemes PG(m, q), the R-equivalence classes 
coincide with equivalence classes in the sense (23), i.e., the 
extended relationship algebra <Y, is a commutator (cornmutant) 
algebra. In the special case of block-schemes PG(2, q) for which 
A = 1, the commutator (cornmutant algebra) coincides with the 
relationship algebra A?6. The relationship algebra A?, is a 
commutator (cornmutant) algebra in the case of asymmetric 
block schemes with A = 1, generated by the finite Euclidean 
geometries EG(2, q).” 
The preceding statements were made without proof and the authors have 
found no reference, if a proof existed, in the published literature. 
In Chakravarti and Burton [3], using a theorem due to Schur (Wielandt 
[ 15, p. 80, Theorem 28.4]), we have determined the dimension and two alter- 
native linear bases of the cornmutant algebra corresponding to the full 
collineation group PC(2, 2) (represented as a group of matrices permuting 
the 21 flags (incident point-line pairs) of the projective plane PG(2,2) with 3 
points on a line). 
We point out that we have proved (using principally [ 15, p. 80, Theorem 
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28.41) the following results (presented in ] 11) and the subject of a separate 
communication): 
(i) The dimension of the commutant algebra corresponding to the 
full collineation group PC(2, s), s =p”, p a prime, r an integer (represented 
as a group of matrices permuting the flags of PG(2, s)), is six for every 
prime p and every integer r. The matrices (I, G, B, T, ST, TB) form a linear 
basis of this algebra. 
(ii) The dimension of the commutant algebra corresponding to the 
full collineation group EC(2, s) (represented as a group of matrices 
permuting the flags of EG(2, s)) is seven for every prime p and every integer 
r (s =p’). The matrices Z, G, B, T, BT, TB, and BTB form a linear basis of 
this algebra. 
(iii) The dimension of the commutant algebra corresponding to the 
full collineation group PC(k, s) (represented as a group of matrices 
permuting the flags-the incident point-hyperplane pairs) of PG(k, s) is 
seven for every k > 3 and for every prime p and every integer r (s =p’). The 
matrices Z, G, B, T, ST, TB, and S form a llinear basis of this algebra. The 
matrix S = (s,,,) is defined by s,,, = 1 if (BT),,, = (TB),,, = 1: s,,. = 0, 
otherwise (Sysoev and Shaikin 1141 introduced the matrix). 
(iv) The dimension of the commutant algebra corresponding to the 
full collineation group EC(k, s) (represented as a permutation group of 
matrices acting on the flags-the incident point-hyperplane pairs) of 
EG(k, s) is eight for every k > 3 and for every prime p, and every integer r, 
s =pr. The matrices I, G, B, T, ST, TB, BTB, and S form a linear basis of 
this algebra. 
3. DECOMPOSITION INTO A DIRECT SUM OF IRREDUCIBLE REPRESENTATIONS 
OF THE PERMUTATION REPRESENTATION OF A COLLINEATION GROUP 
3.1. Approach 
Further insight into the structure of the permutation representation of a 
collineation group of a design and that of the corresponding commutant 
algebra can be gained by first deriving a decomposition of the permutation 
representation into a direct sum of irreducible representations over an 
algebraically closed field (in our case the field of complex numbers) and then 
obtaining the structure of the commutant algebra. For this reason, in this 
paper we work out decompositions into direct sums of irreducible represen- 
tations of the permutation representations of the full collineation groups 
X(2,2) and EC(2,3) of the finite projective plane PG(2, 2) and finite affme 
plane EG(2, 3), respectively, and the structures of the corresponding 
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commutant algebras. Finally, using Wigner’s test (see, for instance, McLaren 
[ 12] and Serre [ 13, p. 123]), we show that the irreducible representations 
occurring in the decompositions of the permutation representations for the 
collineation groups X(2, 2) and EC(2, 3) can be realized by real irreducible 
(even absolutely irreducible) representations (equivalent to sets of real 
orthogonal matrices). 
3.2. Notations and Results from the Theory of Group Representations 
We need the following notations and results from the theory of group 
representations ( ee, for instance, Serre [ 13 ] and McLaren [ 121: Let .Y be a 
finite group of order y and let q of order yi, i = l,..., r, denote the conjugacy 
classes of .Y and @, be the inverse class of q. Let (pA( g)}, A= I,..., r, be the 
r inequivalent irreducible unitary representations of .Y and (p,?(g)} be the 
complex conjugate of (PA(g)}. Let x~(%$), i = l,..., r, be the character of 
{pA( g)} and qA = ~~(1) the dimension of {P*(g)}. Then xl*(q) =J&(%) = 
x1(%,), where xn*(q) is the character of {p;(g)} and &(g) denotes the 
complex conjugate of x1@&::). If {p(g)} is an n-dimensional representation of 
,y-, then {p(g)} ’ q is e uivalent to a direct sum of the irreducible representations 
possibly repeated. Let x(q), i = l,..., r, denote the character of {p(g)} and d,l 
denote the number of times (pn( g)} appears in {p(g)); then 
(3.1) 
Suppose .Y acts on the set of symbols X= {xl ,..., x,,} transitively and 
(p(g)} denotes the corresponding permutation representation of .V by 
permutation matrices of dimension n. Let H denote the subgroup of 5?, that 
leaves the element x, fixed. Now H is called the stabilizer of 5’. Let hi 
elements of H belong to the class g, i = l,..., r. Then, by the Frobenius 
reciprocity theorem, it follows that for a transitive permutation represen- 
tation {p(g) 1, 
(3.2) 
where h = C;=, hi= IHl ( see, for instance, [ 12, 131). 
SCHUR'S LEMMA. Let p,(g) and p,(g), g in <F, be the matrices of the 
irreducible representations {pn( g)} and {p,(g)} of .Y and P be a matrix such 
that 
for every g in .Y. Then if p, are not equivalent, P = 0 (null matrix); while $ 
A = p, P = pI for some scalar p. 
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Irreducible representations are classified in the following manner: 
(i) p1 is said to be of theJrst kind ifit is equivalen) to a set of real 
matrices. 
(ii) pJ is said to be of the second kind if it is equivalent to the 
complex conjugate representation p-f but not to a set of real matrices. 
(iii) pA is said to be of the third kind if pn and p: are not equivalent. 
In order that the irreducible representations be respectively of the first, 
second, or third kind, it is necessary and sufficient that the number 
takes on, respectively, the values 1, -1, or 0 (see, for instance, [ 12; 13, 
p. 1231). 
4. DECOMPOSITION INTO A DIRECT SUM OF IRREDUCIBLE 
REPRESENTATIONS OF THE PERMUTATION REPRESENTATION OF X(2,2) 
Let the seven points of PG(2,2) be assigned the letters A, B, C, D, E, F, 
and G according to 
x0 Xl x2 
A : (1 0 0) 
B : (0 1 0) 
c : (0 0 1) 
D : (1 1 0) 
E :: (0 1 1) 
F :: (1 1 1) 
G : (1 0 1). 
Then the 7 lines of this plane will correspond to the 7 columns of Table I. 
TABLE1 
Lines L, ‘% L, L4 L5 L6 L, 
Equations x,=0 x,=0 x,+x,=0 x,+x,+x,=0 x,+x,=0 x,+x,=0 x,=0 
A B c D E F G 
B c D E F G A 
D E F G A B c 
ALGEBRAS OF SYMMETRIES 523 
The full collineation group X(2, 2) of this plane consists of 168 3 X 3 
nonsingular matrices with coefficients in GF(2). Each matrix induces a 
permutation of the letters (A, B, C, D, E, F, G). This group, regarded as a 
subgroup of the symmetric group on seven letters, has six conjugacy classes. 
The six classes together with the number of elements of X(2,2) in each 
class (yi) are given in Table II. Thus there will be six inequivalent irreducible 
representations of PC(2,2) having the character table (Littlewood [lo]). 
The permutations of the 7 letters (points) induce permutations of the 21 
flags (experimental units) of the design. Thus the group X(2,2) has a 
representation as a group of 21 x 21 matrices permuting the flags. In order 
to obtain a decomposition into a direct sum of irreducible representations of
this group of permutation matrices of order 21, we consider the subgroup H 
(stabilizer), whose elements leave fixed the letter A (point (1 0 0)) and the 
line L,(x, = 0: (A, B, D)), that is, the flag (A, L,). Subgroup H consists of 
eight 3 x 3 matrices with coefficients in GF(2). The 8 matrices and the 
permutations induced by them are given in Table III. 
The number of elements hi of H in the conjugacy class q of X(2,2), 
i = l,..., 6, are h, = 1, h, = 5, h, = 2, h, = h, = h, = 0. The values of the 
character x(g), i = l,..., 6, of the permutation representation of PC(2, 2) 
TABLE II 
Character Table of X(2,2), 1X(2,2)1 = 168 
Cycles 1’ 1’22 124 13* 7(a) 7(b) 
A Order (yJ 1 21 42 56 24 24 
- 
No. of elements 
(hi) of H 
~(4) = trace of 
a permutation 
matrix in the 
ith class 
No. of g for 
which g2 is in 
each conjugacy 
class 
1 1 1 1 1 1 
6 2 0 0 -I -1 
1 -1 -1 1 0 0 
8 0 0 -1 3 -1 1 0 4(-l +lifl) i(-1 -lifi) 
3 -1 1 0 i(-1 - ifi) 4(-l t ifi) 
1 5 2 0 0 0 
21 5 1 0 0 0 
22 42 0 56 24 24 
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TABLE III 
Matrices of H Permutations of (ABCDEFG) 
i 0 01 1 0 0 
‘i 
i 0 1 0 1 0 I , 1 
i 0 1 0  I 0 I 1
1 
i 0 I 0 1 0 I I 
i 0 1 0 1 1 ’ I 
i 0 1 0 1 0 1 ‘i 
i 0 1 0 1 I 0 1 1 
i 0 1 0 1 1 
1 
.Y (identity permutation) 
(A 1 (W CD) (‘W PI 
(A 1 (B) CD) (CF) W) 
(A )(E) (F) WI (CC) 
that is, the traces of the 168 permutation matrices of order 21, were also 
obtained using a computer: x(gr) = 21, x(g*:) = 5, x(gj) = 1, x(g4) =~(g~) = 
,~(g~) = 0. The multiplicity d1 of each irreducible representation (pn} was 
then calculated using formula (3.2): d, = 1, d, = 2, d, = 0, d4 = 1, d, = 0, 
d, = 0. (Since we have x(FJ’s also, these could be calculated from the other 
formula as well.) A 21 X 21 matrix p(g) belonging to the algebra of matrices 
generated by the permutation matrices representing PC(2, 2) has thus the 
decomposition 
P(g)=P,(g)o~*oP,(g)oP,(g)~ (4.1) 
where Ii is the identity matrix of order j and pi is a unitary matrix with i 
rows. 
Next we show that this representation can be realized by restricting the 
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matrices pi, p6, and pe to be real (orthogonal) square matrices of order 1, 6, 
and 8, respectively. For this purpose, the count of the number of g for which 
g* (g in X(2,2)) belongs to the conjugacy class Ci, i = l,..., 6, was 
obtained. These numbers are shown in the last row of Table II. 
Then from (3.3) we get 
E, = 1, e2 = & (6 x 22 + 2 x 42 - 24 - 24) = 1, 
c4 = & (8 x 22 - 56 + 48) = 1. (4.2) 
This implies that the three irreducible representations are all real. 
Let C be a matrix belonging to the commutant algebra corresponding to 
the permutation representation of X(2, 2). Then using Schur’s lemma, 
= 
cl . . . 
.*. 
&,I, We 
’ &,I, b,J, . . 
(4.3) 
For a real matrix C with a real eigenvalue, the coefficients (a, 6, , , b,, , b,, , 
b12, c) are real. 
5. DECOMPOSITION INTO A DIRECT SUM OF IRREDUCIBLE 
REPRESENTATIONS OF THE PERMUTATION REPRESENTATION OF EC(2,3) 
Let the 9 points of the finite Desarguesian aftine plane EG(2, 3) with 3 
points on a line be assigned the letters A, B, C, D, E, F, G, H, and I in the 
following manner. 
XI 0 0 0 1 1 1 2 2 2 
x2 0 1 2 0 1 2 0 1 2 
A B C D E F G H I. 
The 12 lines form 4 parallel classes corresponding to the 4 linear forms x,, 
x2, x1 + x1, x, + 2x,. Table IV gives the plane EG(2, 3) or equivalently the 
BIB design with parameters v= 9, b = 12, r = 4, k = 3, L = 1. 
409/89/Z- 12 
526 CHAKRAVARTI AND BURTON 
TABLE IV 
XI X1 *I +x2 x, + 2x2 
0 1 2 0 1 2 0 1 2 0 I 2 
A D G A B C A B C A C B 
B E H D E F F D E E D F 
C F I G H I H I G I H G 
The full collineation group EC(2, 3) of the plane EG(2, 3) consists of the 
affine transformations 
where the matrices A = (ail) are the 2 x 2 nonsingular matrices with coef- 
ficients in GF(3), and d,, i = 1,2, are elements of GF(3). 
JEC(2, 3)1= 432, and considered as a permutation group on the 9 letters 
(points of the plane), it is doubly transitive with 11 conjugacy classes. As a 
permutation group on the 36 flags (incident point-line pairs or experimental 
units of the design), EC(2, 3) is transitive. Let K be the subgroup of 
EC(2, 3), whose elements leave fixed the flag consisting of A (point (0,O)) 
and the line x, = 0. Then the stabilizer K consists of 12 nonsingular 2 x 2 
matrices with their coefficients in GF(3). These matrices and the 
permutations induced by them on the 9 letters A, B, C, D, E, F, G, H, and Z 
(points of the plane) are given in Table V. 
The number of elements yi of EC(2, 3) in the conjugacy class 5, 
i = l,..., 11, and the number of elements ki of the stabilizer K in the class q, 
i = l,..., 11, were calculated. The values of the character x(q) (traces of 
36 x 36 permutation matrices belonging to the different classes) of the 
permutation representation of EC(2, 3) were also calculated on a computer. 
These are shown in Table VI, together with the values of the characters of 
the irreducible representations of EC(2, 3) taken from Littlewood (1950). 
In the last row of Table VI, the number of g for which g* (g in EC(2, 3)) 
is in each conjugacy class ‘6, i= l,..., 11, are given. Now using formula 
(3.2) we get the multiplicities of the irreducible representations in the direct- 
sum decomposition of the representation of EC(2, 3) as a group of 36 X 36 
matrices permuting the flags of EG(2, 3). These are d, = 1, d, = d, = d, = 
d, = 0, d, = 1, d, = 0, d, = 2, d, = 0, d,, = 1, d,, = 0. Thus a matrix p(g) 
belonging to the algebra of matrices generated by the 36 X 36 permutation 
matrices representing EC(2,3) can be written as 
P(g)=P,(g)oP,(g)o~2oP*(g)oP,,(g)~ (5.1) 
ALGEBRAS OF SYMMETRIES 527 
TABLE V 
Matrices of K Permutations of (ABCDEFGHI) 
( 1 0 
0 1 1 
t 1 0 1 1 
i 2 I 0 1 1 
1 0 i 1 0 2 
1 0 
( 1 1 2 
t 1 0 
2 2 ) 
i 2 0 20 1 
t 2 12 0 1 
2 0 ( 1 2 2 
2 0 i 1 0 1 
i 2 0 
2 1 1 
i 2 1 0 11 
Identity permutation,, 7
64) PC) VW (E) (GfO (4 
(A) (EC) (DHEGFZ) 
(A) (EC) (DZFGEH) 
(A) (W ((2 VW W) P-G) 
where pi(g) is a unitary matrix with i rows and columns and Ij is an identity 
matrix with j rows and columns. 
Next, using formula (3.3) we get E, = 1 = ss = sg = E,,. Thus we conclude 
that in Eq. (5.1) each one of the irreducible representations are of the first 
type, and hence p,, pj, pe, and pr6 can be taken as real orthogonal (square) 
matrices with 1, 3, 8, and 16 rows, respectively. 
If C is a matrix belonging to the cornmutant algebra corresponding to the 
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TABLE VI 
Character Table of EC(2, 3). lEC(2, 3)1 = 432 
Cycles I’ l”2’ l”3’ 18 
A Order I 36 24 
1 1 1 I 
2 1 -1 1 
3 2 0 -1 
4 2 0 -1 
5 2 0 -1 
6 3 I 0 
7 3 -1 0 
8 8 2 2 
9 8 -2 2 
10 16 0 -2 











No. of elements 1 6 2 
k,ofK 
xvi) 
No. of g for 
which g’ is in 
(gin EC(2. 3)) 
‘6 
36 6 3 
46 0 96 
18 l42 126 12J 3’ 3’ 36 
54 54 72 9 8 48 72 
1 1 1 1 I 1 1 
-1 1 1 1 I 1 -1 
-;$ H -j zi : 1’ “0 
2-l 0 
-1 -1 0 3 3 0 1 
1 -1 0 3 3 0 -1 
0 0 0 0 -1 -1 -1 
0 0 0 0 -1 -1 1 
0 0 0 o-2 10 
0 o-1-4 4 I 0 
0 021000 
0 02l000 
0 108 0 54 80 48 0 
permutation representation of EC(2, 3), then using Schur’s lemma (see, for 
instance, Ledermann [9]), 
(5.2) 
If C is a real matrix with a real eigenvalue, then (a, b, c,, , ctz, cz,, cz2, d) 
are real (Serre 113, pp. 122-1231). 
We thus conclude that under the assumption that the covariance matrix c 
of the observations (Y, , Y, ,..., Y,) commutes with the permutation represen- 
tation of the full collineation group of PG(2,2) (EG(2,3)), C has the 
decomposition (4.3) ((5.2)). Alternatively, 2: has the form c,Z -t c, G + c,B + 
c,T+c,BT+c,TB (d,Z+d,G+d3B+d,T+dSBT+d,TB+d,BTB) 
for the BIB design v = b = 7, r = k = 3, A = 1 (u = 9, b = 12, r = 4, k = 3, 
A = 1). Efficient estimation of parameters of this modified linear model, 
occurring both in the mean vector and the covariance matrix of the vector of 
observations, has been worked out and will be reported in a separate com- 
munication. 
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